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Proportional Hazards Mixed Models:

A Review with Applications to Twin

Models

Ronghui Xu1

Abstract

We describe our recent work on mixed effects models for right-censored
data. Vaida and Xu (2000) provided a general framework for handling ran-
dom effects in proportional hazards (PH) regression, in a way similar to the
linear, non-linear and generalized linear mixed effects models that allow ran-
dom effects of arbitrary covariates. This general framework includes the frailty
models as a special case. Maximum likelihood estimates of the regression pa-
rameters, the variance components and the baseline hazard, and empirical
Bayes estimates of the random effects can be obtained via an MCEM algo-
ritm. Variances of the parameter estimates are approximated using Louis’
formula.

We show interesting applications of the PH mixed effects model (PHMM)
to a US Vietnam Era Twin Registry study on alcohol abuse, with the primary
goal of identifying genetic contributions to such events. The twin pairs in the
registry consist of monozygotic and dizygotic twins. After model fitting and
for interpretation purposes, the proportional hazards formulation is converted
to a linear transformation model before the results on genetic contributions
are reported. The model also allows examination of gene and covariate inter-
actions, as well as the modelling of multivariate outcomes (comorbidities).

1 Clustered survival data and frailty models

The proportional hazards model, since its introduction in Cox (1972), has been
widely used for independent, identically distributed right-censored time to event
data. Correlated survival data, however, arise in various fields of applications. These
include multicenter clinical trials, familial or genetic data, recurrent events, matched
pairs design, etc. An example of correlated survival data from multicenter clinical
trials is a lung cancer trial conducted by the Eastern Cooperative Oncology Group
(ECOG), to compare two different chemotherapy regimens, where there was evidence
that the treatment effect varied significantly across the 31 participating institutions
(Gray, 1994, 1995). Figure 1 shows the estimated treatment effects in terms of the
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Figure 1: Estimated treatment effects by institution for the ECOG lung cancer data.

log hazard ratio under a proportional hazards model from the 31 institutions (Vaida
and Xu, 2000). As seen in the figure, the log hazard ratios in some institutions
such as number 16 and 18 are around -0.5, while in some other institutions such as
number 19, 28 and 29 the log hazard ratios are almost zero.

Until recently, clustered survival data had been modeled mainly through frailty
models, a name coined by Vaupel et al. (1972). A univariate frailty model has the
form

λij(t) = λ0(t) exp(β ′zij + bi), (1.1)

where i = 1, ..., m indicates the cluster, and j = 1, ..., ni indicates the individual
within the ith cluster, λij(t) its hazard function, λ0(t) the baseline hazard, and zij a
vector of covariates. The term bi is the random effect or, log frailty, for cluster i. For
interpretation under model (1.1), note that the random effect acts on the log hazard
additively, with no interaction between any covariate and the clustering variable.
Therefore it cannot be used to model the varying treatment effect as shown in the
lung cancer data above.

Early work under model (1.1) was mainly motivated by unobserved heterogeneity
and the fact that, unlike linear models, the Cox regression models are generally
not nested, so that leaving out potential covariates from a Cox model can lead to
nonproportionality of the hazards. See Xu (1996) for a review and discussion. The
cluster sizes for modelling unobserved heterogeneity are equal to one. The early
frailty work was then extended to handle multivariate survival data by allowing
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cluster sizes greater than one; for reference to some of those see Vaida and Xu
(2000) and Hougaard (2000). In the literature the distribution of exp(bi) was often
assumed to be Gamma for mathematical convenience, since it leads to conjugate
priors. Another distribution that was sometimes used was log-normal.

The univariate frailty model was later extended to additive frailty models, of the
form

λij(t) = λ0(t)(a
′

iwij) exp(β ′zij). (1.2)

Here w is a design vector of 0’s and 1’s, and a is a vector of gamma frailties.
Petersen (1998) summarizes the use of model (1.2) for genetic and familial data.
Model (1.2), however, is still unable to incorporate random effects for arbitrary
covariates, or equivalently, covariate by cluster interactions as exemplified in the
lung cancer data. Furthermore, as will be shown in Section 3, the interpretation of
the frailties is difficult, especially when one wishes to explain the results from model
(1.2) in the context of established literature on genetic epidemiology.

2 Proportional hazards mixed effects model

Vaida and Xu (2000) proposed the proportional hazards model with general random
effects

λij(t) = λ0(t) exp(β ′zij + b′

iwij), (2.1)

with the same notation as before, and wij is a vector of covariates that have random
effects. In contrast with the additive frailty models, in model (2.1) the random effects
act on the same scale as the fixed effects, enabling covariate by cluster interactions.
We call model (2.1) the proportional hazards mixed effects model, or PHMM. As
an example, for the lung cancer data, if a single covariate z = 0 or 1 indicates
one of the two treatment assignments, the following model can be used to capture
cluster-specific treatment effect:

λij(t) = λ0(t) exp{b0i + (β + b1i)zij}.

The treatment effect from institution i is then β + b1i.
For the distribution of the random effects in (2.1), it is assumed that

bi
iid
∼ N(0, G). (2.2)

The advantages of the normal assumption for random effects, as explained in Vaida
and Xu (2000), are symmetry and scale-invariance. The normality assumption how-
ever, is not crucial and in the development below can be replaced by other parametric
distribution for the random effects.

Model (2.1) is in parallel with the linear, non-linear and generalized linear mixed
effects models. On the log hazard scale it is written

log λij(t) = log λ0(t) + β ′zij + b′

iwij.
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This describes the conditional (log) hazard, or equivalently, the conditional distri-
bution, of the event time T of an individual as a function of the covariates and the
random effects. Mathematically, model (2.1) can be written in the equivalent form
of a linear transformation model

g(Tij) = −(β ′zij + b′

iwij) + eij , (2.3)

where g(t) = log
∫ t

0
λ0(s)ds, and e has a fixed extreme value distribution with vari-

ance σ2 = 1.645. In view of formulation (2.3), the PHMM then decomposes the
variation in the transformed event time, into contributions from the fixed covariate
effects, the random effects, and a fixed error distribution. This formulation is often
useful for interpretation purposes of the PHMM, as will be seen in the applications
of the next section.

Inference under model (2.1) is based on nonparametric maximum likelihood. The
unknown vector of parameters is θ = (β, G, λ0). The nonparametric likelihood dis-
cretizes the continuous function λ0(·) to mass points on the observed event times
(Johansen, 1993). The likelihood is then a function of finite dimensional parameters,
albeit without a closed form due to the integration with respect to the distribution
of the random effects. In Vaida and Xu (2000) the EM algorithm was used to find
the maximum likelihood estimator θ̂, where the M-step implementation was similar
to the standard Cox model, and the E-step involved Markov Chain Monte Carlo
(MCMC) to approximate the conditional distribution of the random effects given
data. Simulation studies have since been carried out to evaluate the performance
of the estimators and the algorithm, and the results (unpublished) have been good.
In particular, unlike some of the other ! methods and algorithms that have ap-
peared in the literature (private communication), the maximum likelihood estimate
obtained through the MCEM algorithm has been stable in all our experience with
both simulated and real data sets.

Following the estimation of θ, Louis (1982) formular can be used to estimate the
variance of θ̂. The magnitude of the random effects is also sometimes of interest,
and can be obtained from the posterior, or “empirical Bayes”, distribution:

b̂i = E(bi|yi; θ̂) (2.4)

where yi denotes the observed data from cluster i. Note that this posterior distri-
bution is a by-product of the EM algorithm at convergence; for details see Vaida
and Xu (2000).

3 Application to twin data

The following contains material from a doctoral thesis written by I-Chao Liu in the
Department of Epidemiology, Harvard School of Public Health.

3.1 A twin model

As mentioned in the first section, one of the applications of PHMM is genetic data.
In particular, much work has been done in genetic epidemiology to make use of twin
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data, as they provide a way to examine the relative contribution of genetic and envi-
ronmental effects on diseases. Monozygotic (MZ) twins have the exact same genes,
and any difference in disease within twin pairs should come from environmental fac-
tors. In contrast, dizygotic (DZ) twins only share half of their genes, and differences
in disease could be the result of environment and genetics. More specifically, The
total variance of twin resemblance on traits is partitioned into three parts: addi-
tive genetic (G), common environment (C), and unique environment (E). Additive
genetic represents twin similarity arising from addictive effects of alleles; common
environment includes all non-genetic factors shared within a twin pair and leads
to twin similarity; unique environmental factors includes all non-genetic fac! tors
unshared within a twin pair and leads to twin dissimilarity.

When the endpoint of a twin study is time to event with possible right-censoring,
such as age of onset of a disease, the PHMM can be used. To model the dependence
structure of the MZ and DZ twins, we need a vector of six random effects: b =
(b1, b2, ..., b6)

′. For an MZ twin pair i, let bi1 denote the common genetic G and
environmental C effect, and bi2 and bi3 denote unique environmental E effect for
twin 1 and twin 2, respectively, so that

λi1(t) = λ0(t) exp(bi1 + bi2), (3.1)

λi2(t) = λ0(t) exp(bi1 + bi3), (3.2)

when no covariates are included. We can write

var(bi1) = σ2

G + σ2

C , var(bi2) = var(bi3) = σ2

E . (3.3)

For a DZ twin pair i, let bi4 denote the common genetic (1/2) and environmental
effect, and bi5 and bi6 denote unique genetic (1/2) and environmental effect for twin
1 and twin 2, respectively, so that

λi1(t) = λ0(t) exp(bi4 + bi5), (3.4)

λi2(t) = λ0(t) exp(bi4 + bi6). (3.5)

We can then write

var(bi4) =
σ2

G

2
+ σ2

C , var(bi5) = var(bi6) =
σ2

G

2
+ σ2

E . (3.6)

Due to the construction of these random effects, i.e. to decompose the total variance,
it is natural to assume that they are independent of each other. Therefore the
variance matrix for b is

G =



















σ2

G + σ2

C

σ2

E

σ2

E
σ2

G

2
+ σ2

C
σ2

G

2
+ σ2

E
σ2

G
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E


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




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

. (3.7)
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Table 1: Estimates from the VET Registry data.

Contribution Estimates (SE) Proportion of Total∗ (SE)
σ2

G 1.08 (0.15) 36% (5%)
σ2

C 0.27 (0.05) 9% (2%)
σ2

E 0.02 (0.01) 55% (4%)

∗ Total is σ
2

G
+ σ

2

C
+ σ

2

E
+ 1.645.

3.2 VET Registry data

The above twin model was applied to the Vietnam Era Twin (VET) Registry data.
The VET Registry in the United States was set up to follow the male-male twin
pairs born from 1939 to 1957, in which both twins had the experience of serving
in the military during the Vietnam era (1965-1975). In 1992, trained interviewers
from the Institute for Survey Research at Temple University invited approximately
5,000 twin pairs from the registry to participate in telephone-administrated psychi-
atric interviews based on Diagnostic interview schedule for DSM-III-R (DIS-III-R)
(Robins et al., 1989). After giving verbal informed consent, the twins were asked
questions about several aspects of alcohol use, including frequency, amount, age
at onset of various symptoms, duration of each symptom, and mood or perception
changes associated with alcohol drinking. Of the 10,253 eligible individuals, 8,169
(80%) were successfully interviewed. Zygosity was determined by responses to ques-
tions rela! ting to the similarity of physical appearance, along with blood group
typing method. The 3,372 complete twin pairs of known zygosity (1,874 MZ pairs
and 1,498 DZ pairs) were included in the analysis described below.

By applying standard DIS-III-R computer algorithms, individual symptoms and
the diagnoses of alcohol abuse based on DSM-III-R were derived from the responses
to questions. Using the age at onset of alcohol abuse as outcome, we fit the above
twin model to the VET Registry data, first with no covariates. The estimates
are given in Table 1, where in the parentheses are the standard errors. In order
to interpret the results as genetic and environmental contributions to the actual
age of onset of alcohol abuse, as opposed to the hazard of it, we make use of the
transformation model formulation (2.3). Therefore the total variance is σ2

G + σ2

C +
(σ2

E + σ2), and the genetic contribution σ2

G as a percentage of it is estimated to be
36%, while the common environmental contribution is estimated to be 9%. Such
results turned out to be very comparable to what had been previously reported in
the literature on genetic contributions to alcohol abuse. In the parentheses of the
last column are again the standard errors of the estimated percentages.

3.3 Extended twin data applications

The twin model described above can be easily extended to incorporate covariates.
It is also possible to incorporate covariate by gene interactions. In Liu’s thesis, we
considered the possibly different genetic and common environment contributions to
the transition period from regular alcohol use to alcohol dependence, among early
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and late regular alcohol users. The early users were defined as those who started
regular alcohol use before the age of 40, while the late users after age 40. For such
a dichotomized covariate, a vector of 12 random effects were used to model the
covariate interaction with the genetic contribution. The variance matrix is similar
to (3.7), albeit with two sets of the variance parameters, one for the early users and
one for the late users. We found substantially larger genetic contributions among the
early users than among the late users, while the common environmental contribution
was much larger among the late users. Such foundings have potential prevention
or intervention implications, since for late users approriate str! ategies might be
considered to intervene on environmental determinants so as to reduce the risk of
developing alcohol dependence.

Finally, the above twin model can be extended to handle multivariate outcomes
in twin data, such as the ages of onset of multiple categories of alcohol dependence
symtoms, or joint modelling of ages of onset of alcohol and tobacco abuses. In
the case of bivariate outcomes, such as alcohol and tobacco abuses, again a vec-
tor of 12 random effects is used. But unlike the case with a binary covariate, the
variance matrix is no longer diagonal, since we cannot assume the independence
between the genetic contributions to alcohol and to tobacco abuses. More specif-
ically, denote (b1A, b2A, ..., b6A) the random effects corresponding to alcohol abuse,
and (b1T , b2T , ..., b6T ) the random effects corresponding to tobacco abuse. Then the
variance matrix G for the vector of random effects b = (b1A, b1T , b2A, b2T , ..., b6A, b6T )′

is block-diagonal:

diag

[(

σ2

GA + σ2

CA τ1

τ1 σ2

GT + σ2

CT

)

,

(

σ2

EA τ2

τ2 σ2

ET

)

,

(

σ2

EA τ2

τ2 σ2

ET

)

,

(

σ2

GA

2
+ σ2

CA τ3

τ3

σ2

GT

2
+ σ2

CT

)

,

(

σ2

GA

2
+ σ2

EA τ4

τ4

σ2

GT

2
+ σ2

ET

)

,

(

σ2

GA

2
+ σ2

EA τ4

τ4

σ2

GT

2
+ σ2

ET

)]

,

where τ1, ..., τ4 are the covariances of the pairwise random effects. Work on applying
the above model to the VET Registry data is currently in progress.

4 Discussion

Following the lecture at the 2003 Methodology and Statistics conference in Ljubl-
jana, Slovenia, on which this paper is based, there was discussion on the use of
random effects PH model versus stratified PH model. O’Quigley and Stare (2002)
showed that the stratified PH model is reasonably efficient as compared to a uni-
variate frailty model. Note that the univariate frailty model (1.1) is nested in a
stratified PH model, but the general PHMM is not. While the univariate frailty
model is sometimes used to describe ‘unobserved heterogeneity’ as mentioned in
Section 1, the purpose of the PHMM is to capture mixed, or cluster-specific, covari-
ate effects. For example, the cluster-specific treatment effects as shown in figure ??

cannot be estimated from a stratified PH model. Other types of motivation for
using the PHMM, as illustrated in Section 3, arise from situations where the vari-
ance components are of primary interest. Therefore the use of PHMM should! come
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from practical applications, when a stratified PH model cannot answer the questions
under investigation.

The software for all the applications given above are stand alone programs writ-
ten in C, and are available from the author.
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